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ABSTRACT
A number of previous observational studies have found that the waters of the deep Pacific Ocean have
an age, or elapsed time since contact with the surface, of 700–1000 yr. Numerical models suggest ages twice as
old. Here, the authors present an inverse framework to determine the mean age and its upper and lower
bounds givenGlobal OceanDataAnalysis Project (GLODAP) radiocarbon observations, and they show that
the potential range of ages increases with the number of constituents or sources that are included in the
analysis. The inversion requires decomposing the World Ocean into source waters, which is obtained here
using the total matrix intercomparison (TMI) method at up to 28 3 28 horizontal resolution with 11 113
surface sources. The authors find that the North Pacific at 2500-m depth can be no younger than 1100 yr old,
which is older than some previous observational estimates. Accounting for the broadness of surface regions
where waters originate leads to a reservoir-age correction of almost 100 yr smaller than would be estimated
with a two or three water-mass decomposition and explains some of the discrepancy with previous obser-
vational studies. A best estimate of mean age is also presented using the mixing history along circulation
pathways. Subject to the caveats that inference of the mixing history would benefit from further observations
and that radiocarbon cannot rule out the presence of extremely old waters from exotic sources, the deep
North Pacific waters are 1200–1500 yr old, which is more in line with existing numerical model results.
1. Introduction
A useful but simple bulk indicator of the circulation
is the time since water was last at the surface, which is
commonly known as the ‘‘age’’ of seawater. Radiocarbon
observations are helpful for determining age, because ra-
diocarbon is not produced in the ocean, the radioactive
decay rate is known, and its half-life is in the right range.
The age of the deep Pacific has been estimated from ra-
diocarbon observations to be generally less than 1000 yr
(Stuiver et al. 1983; Metz et al. 2005; Matsumoto 2007)
and is sometimes described as a centennial rather than
millennial time scale. General circulation models (GCMs)
have also been used to estimate ocean age, but, although
the concentration of radiocarbon produced by the
models is consistent with the observational studies, the
inferred ages are not. Modeling studies report a maxi-
mum age for the deep North Pacific between 1500 and
2000 yr (England 1995;Deleersnijder et al. 2001; Primeau
2005; Peacock and Maltrud 2006), such that the discrep-
ancy in age estimates from different methods approaches
100%.
Is the ocean age discrepancy due to model errors, data
errors, or some error in interpretation? The error in the
Global Ocean Data Analysis Project (GLODAP) gridded
radiocarbon values is no larger than 30& (Key et al. 2004),
enough to make a difference of 400 yr for the age of the
deep Pacific, but this is unlikely to represent a systematic
error in the entire basin and it is still too small to explain the
entire model–data discrepancy. The accuracy of the model
results can always be questioned (e.g., due to inadequate
resolution), but the fact that the modeled radiocarbon
concentrations are consistent with the observations in-
stead suggests some issue in the interpretation of age.
Any subsurface location may be accessed by multiple
pathways that trace back to the surface. These pathways
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are a combination of advective and diffusive effects and
generally have a wide distribution of transit times from
the surface to any particular interior point (Holzer and
Hall 2000; Deleersnijder et al. 2001; Waugh et al. 2003).
The focus of this work is the mass-weighted average
age of ocean waters, or the ‘‘mean age,’’ which is here
defined to be the mean of the pathway transit times
from the mixed layer to the interior. The total amount
of remineralized nutrient (or utilized oxygen) along a
pathway is related to mean age, making this quantity
particularly relevant. Because of the spectrum of transit
times, any one scalar cannot convey all transport infor-
mation, but the mean age represents the centered first
moment of the distribution, a natural quantity on which
to focus. Previous measures of the time scale of circu-
lation, such as replacement times (Stuiver et al. 1983;
Primeau and Holzer 2006; Broecker et al. 2007) or
equilibration times (Wunsch and Heimbach 2008), may
be rather different than the mean age of the ocean and
their relationship is usually not trivial.
Accurate inference of age from radiocarbon requires
accounting for the pathways that link the interior and
surface for two distinct reasons. First, although the at-
mosphere is relatively well mixed in radiocarbon ac-
tivity, the surface ocean can maintain a significant and
spatially variable disequilibrium (e.g., Broecker and
Peng 1982; Broecker et al. 1991). Indeed, the range of
surface radiocarbon concentrations is about 70&, whereas
the deep ocean range is 200&, making the range of
surface concentrations a significant proportion of the
total. Second, the exponential decay of radiocarbon gives
young waters a disproportionate influence on radio-
carbon concentration, and this tends to bias age esti-
mates toward younger values (e.g., Deleersnijder et al.
2001). This bias (here called the radiocarbon-age bias)
arises because radiocarbon age is not conserved under
mixing processes as it is a nonlinear function of radio-
carbon concentration (e.g., Wunsch 2002). We hypoth-
esize that an incomplete accounting of the multitude
of ocean pathways is responsible for errors in the in-
terpretation of the radiocarbon observations, leading
to the discrepancy between modeled and observation-
based estimates of ocean age.
Our approach involves first applying the recently de-
veloped TMI method to a suite of modern-day observa-
tions, including temperature, salinity, d18O of seawater,
phosphate, nitrate, and dissolved oxygen (e.g., Gouretski
and Koltermann 2004; Legrande and Schmidt 2006).
The data are at 28 3 28 horizontal resolution, giving a
total of 11 113 surface origination sites (Gebbie and
Huybers 2010). The use of six tracers along with the ac-
counting for their inherent geographical relationships by
TMI has been shown to be sufficient to provide a unique
and well-constrained solution to the water-mass decom-
position problem in three dimensions. Here, we extend
the TMI method to also incorporate radiocarbon ob-
servations (section 2).We then discuss the observations
and inputs for the global problem (section 3) and show
that estimates of mean age depend upon the number
of constituents included in the analysis, explaining the
aforementioned differences between observational and
modeling estimates of age (section 4). We also provide
a best estimate of themean age that specifically accounts
for the mixing histories of waters (section 5) and then
discuss these results relative to previous estimates in the
conclusions (section 6).
2. Formulation of radiocarbon inverse model
We begin with a general formulation for calculating
age from radiocarbon observations. Radiocarbon con-
centration at an interior ocean point C is due to contri-
butions from multiple constituents (e.g., Holzer and
Hall 2000; Khatiwala et al. 2001; Haine and Hall 2002),
with the individual contributions decaying according
to an age distribution Gi(t),
C 5 
N
i51
miCi
ð‘
0
Gi(t)e
2lt dt, (1)
where N is the number of constituents, mi is the mass
fraction of the ith constituent, Ci is the initial radiocar-
bon concentration for that constituent, and l is set by the
radioactive decay rate [l 5 log(2)/5730 yr]. Each con-
stituent refers to waters with a particular initial radio-
carbon value, whether it is a water mass, a water type, or
waters identified by their surface origin. The mass frac-
tions are bounded by 0 and 1, and their sum must equal
one for mass conservation. All age distributions must
satisfy
Ð ‘
0 Gi(t) dt5 1, which makes our Gi(t) functions
similar to the boundary propagator Green function of
Haine and Hall (2002) but with a different normaliza-
tion. The function Gi(t) is also the distribution of transit
times from the source region of constituent i to the par-
ticular interior location, though note that the related term
‘‘transit time distribution’’ (TTD) is usually reserved for
the case where the source region is the global sea surface.
We seek the mean age,
T 5 
N
i51
mi
ð‘
0
tGi(t) dt, (2)
and note that the age of each constituent can also be
individually defined as Ti5
Ð ‘
0 tGi(t) dt. Radiocarbon
values are expressed as a ratio with carbon-12 and we
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have not explicitly represented the latter, given its large
and constant distribution relative to radiocarbon, though
Fiadeiro (1982) calculated that this may lead to as much
as 10% error and this assumption should be revisited in
future work.
Inference of mean age depends upon three uncertain
quantities: the observations of radiocarbon concentra-
tion, affecting both C and Ci in Eq. (1); the water-mass
decomposition given by the m values; and the age dis-
tribution of the constituents Gi(t). The uncertainty in
radiocarbon arises from observational errors, the need
to map those observations onto a regular grid, and the
separation of radiocarbon into background and bomb
components, which will be discussed in section 3. Holzer
et al. (2010) discuss the sensitivity of age to uncertainties
in water-mass decomposition, albeit using a different
technique, which we also address in section 4. Even in
the case that the water-mass decomposition and source
radiocarbon values are well known, a radiocarbon ob-
servation provides only one constraint on N unknown
Gi(t) functions, making for a highly underdetermined
problem. The net effect of advection and diffusion de-
termines the form of Gi(t), and below we develop an
inverse framework to explore the importance of these
transport characteristics by finding upper and lower
bounds onmean age under the assumption of known mi
and Ci values.
a. Lower bound
To find the youngest mean age possible with a given
radiocarbon observation, weminimize the left-hand side
of Eq. (2) subject to the constraint of Eq. (1), solved
using an extended Lagrange multipliers method (see the
appendix for the detailed derivation). If radiocarbon
source values and contributions are known, the lower
bound onmean age occurs whenGi(t)5 d(t2Ti), where
d is the Dirac delta function and
Ti 5
1
l
log
Ci
C
 
, (3)
indicating purely advective transport of the ith constit-
uent with an age Ti. Back substituting into Eq. (2) we
obtain the lower bound on mean age,
Tmin 5 
N
i51
mi
l
log
Ci
C
 
. (4)
This solution is only feasible, however, if Ci $ C; other-
wise, some transit times would be unphysically negative.
This data constraint does not always hold, but Eq. (4)
can be extended for the more general case (see also the
appendix).
The lower bound onmean age is similar to the age that
is often inferred from radiocarbon (e.g., Broecker et al.
1991), which is referred to here as the ‘‘standard’’ radio-
carbon age, Tl 5 (1/l) log(Co/C), where Co is the
amount of radiocarbon that would be present without
any radioactive decay (i.e., the preformed radiocarbon
content, Co5
N
i51miCi). The standard radiocarbon age
scenario corresponds to a solution of Eqs. (1) and (2)
with Gi(t) 5 d(t 2 Tl) for all i, corresponding to purely
advective transport with an identical age for all con-
stituents, a situation that is unlikely to be realistic. In the
lower bound case, the Gi(t) functions also correspond to
a purely advective transport, but the age of the different
constituents need not be equal. Thus, the implied Gi(t)
functions in the standard radiocarbon age calculation
are different from the lower bound solution so long as
the surface radiocarbon content is not uniform, showing
that the standard radiocarbon age is generally older than
the lower bound, contrary to previous derivations (e.g.,
Deleersnijder et al. 2001).
For reference later in this work, we rewrite the
radiocarbon-age formula in the customary way, Tl 5
2(1/l) log(C) 2 Tres, where the apparent radiocarbon
age due to the deficit from atmospheric radiocarbon
levels is corrected by the reservoir age, Tres 5 2(1/l)
log(Co), because of surface disequilibrium effects (e.g.,
Broecker et al. 1991). Thus, the reservoir age is defined at
the surface based upon the surface radiocarbon values,
and a reservoir-age correction can be diagnosed for all
interior locations so long as the constituents of that
location can be tracked back to the surface.
b. Upper bound
There are two scenarios where oceanic transport
characteristics lead to a mean age that is much older
than the lower bound calculated above, even when the
observed radiocarbon concentration is unchanged. One
scenario occurs when the individual Gi(t) functions are
very wide due to diffusive transport, and the long tail of
Gi(t) gives a large mean age when integrating Eq. (2)
across the full range of times from zero to infinity. As is
well known, the form of Gi(t) is weakly constrained for
large t because old waters no longer contain much ra-
diocarbon due to decay. Another lesser-discussed sce-
nario occurs when there is a wide range in the relative
age of the individual constituents. We give an example
of this effect next, where the mean age is much larger
than the lower bound, even though the individual con-
stituents have delta functions for Gi(t), and show the
dependence on the number of constituents considered
in the analysis.
Consider a simple case where an interior location
is composed of N constituents with the same initial
FEBRUARY 2012 GEBB I E AND HUYBERS 293
radiocarbon concentration, Ci 5 Co, and equal mass
contributions, mi 5 1/N. The interior radiocarbon con-
tent is set such that the standard radiocarbon age is ex-
actly 1000 yr (C/Co 5 0.88). From Eq. (4), the lower
bound is the same for any number of constituents N, and
it is identical to the standard radiocarbon age (flat solid
line in Fig. 1). The theoretically oldest mean age is ob-
tained when N 2 1 constituents have zero age and the
Nth constituent is maximally old, as follows from the
radiocarbon constraint being weakest upon the oldest
contributions and can be shown rigorously using linear
programming methods. Therefore, under the simplifi-
cations that we have imposed on this problem, GN(t) 5
d(t 2 TN) and Eq. (1) reduces to
C
Co
5
N 2 1
N
1
e2lTN
N
. (5)
Solving for TN, and noting that the mean age is TN/N,
gives an upper bound on mean age,
Tmax 5 2
1
Nl
log

N
C
Co
2 1
 
1 1

, (6)
which holds while N is small enough that the argument
of the logarithm is positive. The upper bound increases
rapidly as N increases (solid curved line in Fig. 1), and,
when N is greater than 1/(Co 2 C), the Nth constituent
need not deliver any radiocarbon to the observational
site, allowing TN and Tmax to be formally infinite.
There are cases where very small or large ages for the
individual constituents will not be realistic, but the
general tendency for the upper bound to increase with
N will nonetheless hold even if the range of admissible
ages is limited. For instance, limiting the mean age of
each constituent to be between 100 and 10 000 yr gives
an upper bound of more than 1500 yr as N increases, and
thus the range of possible mean ages is 50% of the ra-
diocarbon age (Fig. 1). Furthermore, an upper bound
of 10 000 yr for any one contribution is somewhat con-
servative, given that extremely old waters can be derived
from meltwater fluxed directly from the cryosphere to
the ocean (e.g., Straneo et al. 2011), groundwater seep-
age, and waters derived from the earth’s interior (e.g.,
Kadko et al. 1995).
This exercise of exploring upper and lower age bounds
given uncertainty in the constituent age distributions
thus provides three indications of why observational age
estimates tend to be younger than those inferred by
general circulation models. First, the standard radiocar-
bon age computed from observations is expected to be
similar to the youngest possible age, up to differences in
initial radiocarbon values. Second, many of the previous
observational estimates considered just a few water-mass
constituents, which excludes many of the scenarios that
have much older ages, as seen in the sensitivity of the
upper bound with number of constituents. Finally, al-
though we have focused on purely advective solutions,
the inclusion of the broadening effects of diffusion upon
the age distributions will also tend to increase the age of
waters for a given radiocarbon observation in a manner
similar to increasing the number of constituents. It should
also be noted that placing bounds on the age is comple-
mentary to standard error or quartile error (e.g., Holzer
and Primeau 2010), especially in the case of distributions
that can have long tails. We now turn toward applying
these insights to the actual data.
3. Decompositions and data
a. Total matrix intercomparison decompositions
Given the apparent dependence of the range of ad-
missible ages upon the number of constituents, we seek
a range of solutions at different resolutions. The highest
resolution solutions come from the total matrix inter-
comparison (TMI) method and are available at 48 3 48
and 28 3 28 gridding for a total of 2806 and 11 113 dif-
ferent constituents, respectively (Gebbie and Huybers
2010, 2011). This solution method can be viewed as an
FIG. 1. Bounds on the mean age of a hypothetical water parcel
with a fixed radiocarbon concentration as a function of the number
of equal-sized constituents N. The theoretical upper bound (solid
curved line) increases with N, whereas the lower bound is un-
changing at 1000 yr and is equivalent to the standard radiocarbon
age. The upper bound decreases as the maximum age of each
constituent is lowered (see legend). Note the change in scale along
the x axis and that the variability in the bounds comes from the
restriction to integer numbers of constituents. BeyondN5 512, the
age bounds are nearly unchanging.
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extension of water-mass decompositions to having many
more waters, all defined by the particular surface region
of origin. The chief insight that TMI calls upon is that six
pieces of tracer information at each location (u, S, d18Osw,
PO4, NO3, and O2) are sufficient to provide a unique
solution to the ocean pathways interconnecting every
grid box because there are, at most, six neighbors to any
grid box.
The uncertainties inherent to the TMI solution have
been explored in several ways. A twin data assimilation
experiment with a general circulation model and an ex-
periment with artificial noise added to the observations
both indicated that the TMI reconstructions had less than
5% error (Gebbie and Huybers 2010). Other potential
sources of error may be due to the steady-state structure
of the model, but over 2 million tracer observations can
be explained as being in equilibrium with the flow field,
lending confidence that the model formulation is ade-
quate for our purposes and that uncertainties in the con-
tributions from different constituents are a minor source
of error in the present study. The TMI results were
also shown to be consistent with d13C observations from
the Geochemical Ocean Section Study (GEOSECS;
Kroopnick 1985), even though these observations were
not used to develop the pathways model (Gebbie and
Huybers 2011). Similarly, radiocarbon observations have
not been used to constrain the ocean decomposition, as
done elsewhere (e.g., Holzer et al. 2010), though later we
show that these data too are consistent with the present
solution, supporting its accuracy and demonstrating that
radiocarbon does not provide a major new water-mass
constraint over the tracers already used.
The TMI results also provide a self-consistent way to
decompose the ocean into a smaller number of constitu-
ents. We divide the ocean surface into seven major re-
gions (see Fig. 2), where all waters originating from a
region are grouped together as a common constituent.
The tracer source value or ‘‘effective end member’’ for
each region is defined as the weighted average of the
surface tracer values where the weights are set according
to the volume contribution of each surface location to
the interior (Gebbie and Huybers 2011). We then apply
a standard water-mass decomposition to these end-
member values (Mackas et al. 1987; Tomczak and Large
1989), not including the geographic constraints con-
tained in TMI, to simultaneously satisfy the six tracer
conservation equations and conservation of mass while
also using stoichiometric ratios to model nonconser-
vative effects in nutrients and oxygen (Anderson and
Sarmiento 1994; Karstensen and Tomczak 1998). In
particular, an independent nonnegative least squares
problem is solved at every interior location (Lawson
and Hanson 1974).
The low-resolution TMI solution of the previous
paragraph uses all seven major surface regions, but we
also obtain solutions with just the Antarctic (ANT),
North Atlantic (NATL), and Subantarctic (SUBANT)
regions and with just the Antarctic and North Atlantic
regions. Thus, we have ocean decompositions at five
different resolutions, with N equaling 2, 3, 7, 2806, and
11 113. Additional errors are present in the decomposi-
tions with a small number of constituents because they
underestimate the variety of different waters that fill the
ocean’s interior and ignore the geographic constraints of
the more complete solution, but we depend upon these
less for accuracy than as a means of illustrating how the
solution will depend upon N.
b. Radiocarbon observations
The GLODAP gridded dataset of preanthropogenic
(or, equivalently, natural or background) radiocarbon
is reported in terms of D14C by measuring the total
modern-day radiocarbon from a number of hydrogra-
phic sections and subtracting the bomb-produced com-
ponent (Key et al. 2004). The bomb component has
been determined from the strong linear correlation
between natural radiocarbon and potential alkalinity
(Rubin and Key 2002), a step that introduces uncer-
tainties that we take into account using the published
error estimates, but we do not attempt to recalculate the
bomb component. Note that D14C values have also been
corrected for fractionation effects using d13C. The
standard measurement error in radiocarbon has been
reported to be 5&, but in the gridded dataset the
published errors are 20& or larger in some regions
because of the scarcity of measurements and the type
of gridding scheme employed.
FIG. 2. Effective end members for D14C. Bold values indicate the
end-member values for the seven major surface regions delineated
by bold lines. Numerical values in smaller font are given for sub-
regions marked by dashed lines. All boundaries are chosen by
locations of oceanographic or geographic relevance following
Gebbie and Huybers (2010).
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The dataset is box averaged onto a resolution of 28 3 28
in the horizontal with 33 vertical levels, but it does not
cover the full globe because of limitations in regions such
as the Arctic Ocean. Here, we confine our internal esti-
mates to locations where GLODAP data are available
and extrapolate surface data where necessary. Missing
points in the Arctic (ARC), for example, have been as-
sumed to be255& based on a few transects (Jones et al.
1994; Schlosser et al. 1997), and we later check our results
with different values for the Arctic. For all calculations,
D14C is transferred into terms of C [ D14C/D14Catm, so
that a D14C value of 0& is equivalent to C 5 1.
4. Age and resolution of ocean constituents
In this section, we test the hypothesis that differences
between age estimates in the deep North Pacific can be
traced back to the number of constituents N used in the
analysis. Specifically, we focus on the average properties
of a box containing some of the oldest ocean waters
[called the Northeast Pacific (NEPAC) box: 208–508N,
1608–1108W, and 2000–4000-m depth]. We proceed by
solving the inverse problem of section 2 according to the
appendix, with the same data used by previous inves-
tigators and the only difference being the addition of a
more complete set of N sources. This analysis aims to be
more than pedagogical as other studies have used very
small N values (i.e., N # 7), and we wish to provide
a context to compare these against the higher-resolution
results presented here. As shown in section 2, the upper
bound depends strongly upon the a priori limitations
imposed on the age of individual constituents, and here
we take 100 and 20 000 yr as the limits on any constitu-
ent, under the reasoning thatwedonotwant to rule out any
possibilities without good cause. The results of this section
show that the lower values of previous age estimates are
partially due to the small number of water masses used.
a. Range of solutions as a function of N
The range of possible ages that satisfy the observed
radiocarbon content of the NEPAC box increases from
68 yr atN5 2 tomany thousands of years atN5 11 113,
almost exclusively because of an increase in the upper
bound (Fig. 3). In the N 5 2 case, the solution is repre-
sented by just two time scales, TANT and TNATL, the
mean age of Antarctic and North Atlantic waters, re-
spectively. Using inputs for the NEPAC box from Fig. 2
and Table 1 (CANT 5 0.863, CNATL 5 0.943, mANT 5
0.69, and mNATL 5 0.31) and plugging into Eq. (3), the
minimum mean age is 1191 yr with TANT 5 963 yr and
TNATL 5 1691 yr (triangle in Fig. 4). Although neither
TANT nor TNATL is well constrained individually, the
mean age appears bounded to a range of 68 yr when only
two end members are present. The apparent strong
constraint is geometrically seen to be due to the back-
ground contours of mean age roughly following the curve
of the radiocarbon constraint in the figure.
With N 5 2, the range of possible solutions to the
radiocarbon equation was limited to a line in fT1, T2g
space, but, for N 5 3, there are many more feasible so-
lutions, constituting a surface in fT1, T2, T3g space.
Given a best estimate of the North Pacific decomposi-
tion where Subantarctic source waters are now included
(mANT5 0.62, mNATL5 0.26, and mSUBANT5 0.12), the
solution space can be represented as a two-dimensional
slice where TSUBANT is not shown but has a value that
satisfies the radiocarbon constraint (Fig. 5). The lower
limit on mean age for N 5 3 is unchanged at 1191 yr,
with an implied Subantarctic transit time of 1299 yr (tri-
angle in Fig. 5), but the upper limit for mean age given
N5 3 is 2235 yr (inverted triangle in Fig. 5), much larger
than for N 5 2.
The uncertainty found in the mean age is greatly
increased going from two to three constituents and a
similar pattern is found as the number of constituents
increases. As the model of the ocean decomposition
FIG. 3. Inferredmean age and bounds of the deepNEPACbox as
a function of the number of constituents N. Shown are the upper
bound (diamonds), the best estimate of mean age (stars; discussed
in section 5), the standard radiocarbon age (plus signs connected by
dashed line), the lower limit (circles), and an age estimate using the
method of Matsumoto (2007) (square). Note that the age scale
becomes logarithmic above 1500 yr.
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becomes more complete, it reveals a potential for older
ages that is otherwise hidden by oversimplified diagnostic
frameworks.
b. Reservoir-age correction as a function of N
The inferred reservoir-age correction also depends
upon the number of constituents and decreases by 75 yr
as N goes from 2 to 11 113 (Fig. 6). A decrease in the
reservoir-age correction leads to a compensating in-
crease in the radiocarbon age, as is evident in the stan-
dard radiocarbon-age equation. Understanding the
radiocarbon age is important because it is almost iden-
tical to the lower bound, with a difference of no more
than 7 yr (recall Fig. 3). Changes in the reservoir-age
correction are traced back to differences in the fraction
of water originating from each surface source mi and
the surface radiocarbon concentration associated with
that source Ci.
The inferred composition of the deep northeast Pa-
cific strongly depends upon N, as seen in Table 1. No
solution exists with N 5 2 that simultaneously fits all
conservation equations, as could have been anticipated
from the hydrographic census of Worthington (1981),
but, if we restrict the data to phosphate and oxygen
(e.g., Broecker et al. 1985, 1998), an apparent solution
exists, yielding a NEPAC box filled with 69% Antarctic
waters. For N 5 3, a solution exists when the analysis
is limited to only phosphate, oxygen, and salinity data,
yielding 62% Antarctic waters, though other solutions
could be obtained from other combinations of data
types. Using seven regions gives 53% Antarctic water.
For N 5 2806 and N 5 11 113, the composition appears
to converge with the smallest fraction of Antarctic water
(48%) and 21% North Atlantic water.
The effective source values for radiocarbon calcu-
lated by TMI differ from point values used in previous
studies (Fig. 2). The center of the surface of the Wed-
dell Sea has a radiocarbon concentration of2140&, as
used previously to represent Antarctic Bottom Water
(Broecker et al. 1998), but the periphery of the Weddell
FIG. 4. Possible ages of the deep NEPAC box given only two con-
stituents. All solutions that satisfy the observed radiocarbon concen-
tration are represented by the bold line, where mean age is indicated
by the contours. The lower limit of mean age is 1191 yr (triangle) and
the upper limit is 1259 yr, assuming that TANT $ 300, TNATL $ 300
(inverted triangle). If the two transit times are equal (dashed line),
only one solution exists (intersection of dashed and bold lines), which
is the standard radiocarbon age of 1198 yr, illustrating that the lower
bound can be less than the standard radiocarbon age, although the
difference is only 7 yr.
FIG. 5. As in Fig. 4, but now with three constituents coming from
NATL, ANT, and SUBANT. To project the solution onto two di-
mensions, the SUBANT contribution is selected so as to satisfy the
radiocarbon observation, given theNATLandANT ages. Bold lines
delineate the range of solutions, outside of which the SUBANT age
would have to be negative (top right) or greater than 20 000 yr
(toward the origin). The lower limit of mean age is unchanged from
the two constituent solution (triangle), but the upper limit is almost
1000 yr older at 2235 yr (inverted triangle), where the same con-
straint that all constituents must be older than 300 yr is applied. The
dashed line TANT 5 TNATL is plotted for reference.
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Sea has higher concentrations and these waters contrib-
ute to the Antarctic water in lesser but still significant
amounts. The effective end member for Antarctic water
is therefore somewhat altered to a value of2137&. The
discrepancy is larger for the North Atlantic, where twice
as much North Atlantic water is derived from the Nordic
Seas as the Labrador Sea (Gebbie and Huybers 2010)
and the often-used value of 267& only represents the
latter. We find that the effective initial radiocarbon
concentration of the North Atlantic is257&, although
radiocarbon data are sparse in the Nordic Seas, making
this estimate relatively uncertain.
The changes in the reservoir-age correction as a func-
tion of N are explained by putting ocean waters into
three categories: waters with reservoir ages that are
large (ANT), medium [SUBANT and North Pacific
(NPAC)], and small [NATL, ARC, the Mediterra-
nean (MED), and the subtropics and tropics (TROP)].
The major change between N5 2 and N5 11 113 cases
is that about 20%of the large category is more correctly
categorized as having medium reservoir ages. Because
the difference in the reservoir-age correction between
these two classes is approximately 400 yr, this re-
classification changes the overall reservoir-age cor-
rection by about 80 yr (0.2 3 400 yr). If 267& is used
as the North Atlantic end member instead of 257&,
the effective reservoir age for that end member is
about 100 yr older, which would offset about 20 yr of
the difference but not change the overall trend with N.
Thus, themore detailed identification of the mixture of
waters is ultimately responsible for the changes in the
lower bound as a function of N.
c. Comparison with a previous observational estimate
In the NEPAC box, we estimate 1264 yr for the N 5
11 113 lower bound; however, Matsumoto (2007) used
the same GLODAP data and an N 5 2 solution and
obtained a best estimate that is 200 yr younger, raising
the question of how their value could be below our lower
bound. In fact, their estimate is lower than all of our
lower bounds computed with any N. Two factors appear
to account for the difference. First, the reservoir-age
correction applied by Matsumoto (2007) is several de-
cades larger, as is consistent with using a N 5 2 de-
composition as shown in the previous subsection. The
more important discrepancy, however, is thatMatsumoto
(2007) applied the reservoir-age correction in terms of the
radiocarbon content, rather than an age correction, which
leads to an error toward younger ages of about 150 yr.
Indeed, if we subtract our initial radiocarbon value from
our estimate of theNEPAC radiocarbon value (following
paragraph 15 in Matsumoto 2007) and determine an age
using the radiocarbon decay equation, we get a value of
1055 yr (square in Fig. 3), similar to that of Matsumoto
(2007) up to differences in the initial radiocarbon value
applied. Such a method, however, is equivalent to per-
forming the decay from too high an initial radiocarbon
content and is incorrect.
5. Using mixing histories to estimate mean age
So far we have focused on the range of possible ages,
which rules out some previous observational estimates
as being too young, but no definitive statements could be
made about the older model-based estimates. To obtain
bounds, we used TMI to decompose interior ocean wa-
ters directly in terms of surface values, but TMI also
permits the tracking of continuous pathways and the
detailed mixing histories of interior waters. Thus, we
proceed to make an estimate of the mean age consistent
with the radiocarbon data and the pathways information
contained in the World Ocean Circulation Experiment
(WOCE) hydrographic climatology as extracted by TMI.
FIG. 6. Inferred reservoir-age correction for the NEPAC box as
a function of the number of constituents N.
TABLE 1. Decomposition of the deep NEPAC box according to
number of constituents N and the percentage of water from each
surface region. Dashes denote values that are not applicable.
N ANT NATL SUBANT NPAC ARC MED TROP
2 69 31 — — — — —
3 62 26 12 — — — —
7 53 18 27 0 0 2 0
2806 49 20 19 2 5 1 4
11 113 48 21 19 2 6 1 4
298 JOURNAL OF PHYS ICAL OCEANOGRAPHY VOLUME 42
Just as with the TMI solution for pathways (Gebbie and
Huybers 2010), there is a local and global part to the
solution.At the local level, we determine a residence time
for each grid box and then use these residence times in
a global inversion along with the pathway information
to determine the distribution of aging.
a. Local residence time
In steady state, the radiocarbon concentration in an
interior box is a sum of contributions from six neigh-
boring boxes, less some amount of radioactive decay,
C 5 
6
i51
miCi 2 Csink, (7)
where mi is now defined as the mass fraction of water
contributed by each neighboring box as determined by
TMI, Ci is the observed radiocarbon concentration of
each neighbor, and Csink is the sink of radiocarbon due to
radioactive decay. In terms of the steady-state advective–
diffusive balance, the input from neighboring boxes must
balance the export and radioactive decay,
dC
dt
5 
6
i51
FiCi 2 FoC 2 lC 5 0, (8)
where Fi is the volume flux from neighboring box i and Fo
is the total volume flux out of all faces. All fluxes are di-
vided by the volume of the interior box and have units of
s21. Multiplying the flux equation by the local residence
time, t 5 1/Fo, and enforcing a steady state leads to an
equation similar to (7), but with different coefficients for
the Ci terms,
C 5 
6
i51
Fi
Fo
Ci 2
lC
Fo
. (9)
Comparing like terms, we find thatmi5 Fi/Fo andCsink5
tlC. In our case, the values of C are known from
GLODAP andCsink can be computed for every interior
box using the mass-weighted radiocarbon contributions
from the neighboring boxes, yielding a value for the res-
idence time of every interior box, t 5 Csink/lC. Note that
a direct application to the GLODAP dataset yields some
residence times that are unphysically negative, and thus
our solution method must add an additional constraint
(to be discussed in section 5c).
b. Age as a global tracer
Residence times of individual grid boxes are com-
bined with the pathway information to determine the
age in a manner similar to how TMI has been used to
calculate the interior distribution of tracers (Gebbie and
Huybers 2011). In this case, mean age is treated as a
tracer a, sometimes identified as the ideal age tracer
(cf. England 1995; Peacock and Maltrud 2006). Mean
age is specified to be zero at the surface boundary and
is subject to aging at a rate of one unit per unit of time
in the interior,
da
dt
5 
6
i51
Fiai 2 Foa 1 1 5 0. (10)
Multiplying by t and using the findings from Eq. (9)
permits the age tracer in each box to be represented as
a sum of contributions from neighbors, plus a source t
equal to the local residence time,
a 5 
6
i51
miai 1 t. (11)
To calculate mean age globally, a matrix equation is
formed with each row being the local mean age Eq. (11)
at a particular location. To solve, we invert the matrix,
a5A21d
a
, where a is a vector of the age tracer, A is the
TMI pathways matrix, and da contains the zero-age
boundary condition and internal sources in the form of
local residence times. This methodology permits obser-
vational inference of mean age in a global framework.
c. Application to radiocarbon observations
Given that the GLODAP radiocarbon observations
have relatively large uncertainties, we search for the
smallest variations in the radiocarbon field that bring it
into consistency with the steady-state circulation of TMI
for both N 5 2806 and N 5 11 113 [using the quadratic
programming method from appendix C of Gebbie and
Huybers (2010) that requires all residence times to be
nonnegative]. We find that adjustments to the gridded
radiocarbon field with a standard deviation of 6& are
needed in both cases, consistent with the published error
estimates of 5&–10& near the WOCE transects. We
proceedwith this solution but note that additional pieces
of rate information, such as associated with geostrophy,
nutrient remineralization, carbon cycle changes, or other
transient tracers (e.g., Haine et al. 1995; Khatiwala et al.
2009; Holzer and Primeau 2010), could profitably be in-
corporated in the future.
The N 5 11 113 case is presented in greater detail be-
cause it represents our best estimate of mean age. Because
it is globally self-consistent with the TMI pathways, this
estimate is spatially smooth, like GCM estimates (e.g.,
Peacock and Maltrud 2006), but is constrained at all
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locations by observations (Fig. 7, top left). Note that in-
ternal local ageminima are not allowed, but localmaxima
appear because of internal sources of the age tracer: for
example, the 1500-yr maximum in the North Pacific and
the deep North Indian maximum of 1400 yr. Some other
notable features of the solution aremean ages greater than
1000 yr everywhere north of the equator in the Pacific and
IndianOceans. Relatively young waters emanate from the
North Atlantic and are preferentially transported along
the western boundary, and a similarly young plume
leaves the Weddell Sea and is entrained into the
Antarctic Circumpolar Current.
These results can be compared against standard ra-
diocarbon ages, where the reservoir-age correction is
calculated with the unadjusted GLODAP data and the
mixing fractions of N5 11 113 constituents but all other
information is ignored (Fig. 7, top right). Our best age
estimate has a similar spatial pattern to the standard
radiocarbon age but is generally 50–200 yr older. For
example, the standard radiocarbon age in the NEPAC
box is 1269 yr, whereas our best estimate is 1427 yr
(stars in Fig. 3). The lower bound, given a known water-
mass composition, is solved by an independent inverse
problem at every gridpoint. As was found in the analysis
of the NEPAC box, the difference between the standard
radiocarbon age and the lower bound is very small, with
a maximum difference of 8 yr, demonstrating that the
standard radiocarbon age is nearly but not exactly equal
to the lower bound.
The difference between the standard radiocarbon age
and the best estimate is due to two effects. First, ad-
justments in the radiocarbon distribution are necessary
to find consistency with the steady-state circulation.
Although these changes are not typically larger than
10& at any location, a reasonable magnitude given the
gaps between theWOCE transects and the difficulties of
measuring in polar regions, this has an effect of up to
200 yr on inferred radiocarbon age (Fig. 7, bottom left).
In the boundary of the Weddell Sea, for example, the
surface radiocarbon is adjusted to have 10& more ra-
diocarbon, leading to the inference that waters at the
bottom of the Weddell Sea are more than 100 yr older
on average. Second, a whole distribution of ages has been
accounted for in our best estimate, unlike the standard
radiocarbon-age calculation. The influence of these ef-
fects is diagnosed by taking the difference between our
best age estimate and the standard radiocarbon age,
after recalculating the latter using the TMI-adjusted
radiocarbon values (Fig. 7, bottom right). The differ-
ence is the radiocarbon-age bias and is everywhere
FIG. 7. Age estimates at 2500-m depth for N 5 11 113 (28 3 28 resolution): (top left) best estimate and (top right)
standard radiocarbon age. These panels are on the same color scale with a contour interval of 100 yr. The difference
between (top left) and (top right) is due to TMI adjustments to (bottom left) radiocarbon concentration and (bottom
right) the radiocarbon-age bias. The bottom panels have their own colorscales.
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less than 50 yr, a smaller factor than the TMI adjust-
ments to the radiocarbon observations. Adding to-
gether the two effects quantified in the bottom panels
of Fig. 7 explains the difference between the top panels
of the figure.
These results can be compared against other obser-
vational and model studies of the mean age. Although
the overall pattern is similar, the GCM estimate of
Peacock and Maltrud (2006) found the North Pacific
age maximum to be closer to 1700 yr at a depth of
2000 m, about 200 yr older and 1000 m shallower than
this work (Fig. 8). The inverse solution of Holzer and
Primeau (2010) with 39Ar observations found that the
North Pacific is 13001200250 yr old and the pattern appears
to be more in line with the TMI estimate. In the North
Atlantic, the TMI estimate shows similarities to the
westernAtlantic observational estimate of Holzer et al.
(2010). In both estimates, age increases with depth and
toward the south, with 300–400-yr-old water at the
seafloor at 308N. TMI indicates a South Atlantic maxi-
mum age of almost 800 yr at 408S, and, although Holzer
and Primeau (2010) do not produce an estimate at this
latitude and depth, they show other bottom waters in the
Atlantic as old as 600 yr.
d. Transit time distributions
The constraint of the mixing histories in the foregoing
sections can also be cast in terms of estimating Gi(t)
in Eq. (1). To explicitly calculate these functions, the
nonsteady version of Eq. (8) is used to infer the tran-
sient behavior of themean age tracer following the same
methodology as used in general circulation models (e.g.,
Khatiwala et al. 2001; Peacock and Maltrud 2006;
Maltrud et al. 2010). Although all 11 113 Gi(t) functions
can be recovered at each location, here we focus on in-
terpreting the global TTD from the sea surface to the
NEPAC box, defined as G^(t)5Ni51miGi(t). In this
case, the TMI-constrained circulation is formulated
as a forward advective–diffusive model, the entire sea
surface is dyed, and the TTD is diagnosed from the
movement of the dye tracer over a 10 000-yr integration.
The centered first moment of the TTD is at 1429 yr for
28 horizontal resolution and at 1363 yr for 48 horizontal
resolution (Fig. 9), nearly the same as the previously
identified best estimates of mean age calculated by the
equilibrium method of section 5c. The width of the dis-
tribution, calculated asD5
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
[1/2
Ð ‘
0 (t 2 T)
2G^(t) dt]
q
(Hall
and Plumb 1994), is 558 and 553 yr for 28 and 48, re-
spectively. As a check on this width, we note that the 28
TMI-estimated TTD would lead to an inferred radio-
carbon age of 1375 yr and a radiocarbon-age bias of
54 yr, consistent with our earlier estimate, although
there are minor differences because of details of the
reservoir-age corrections and mixing histories.
These results can be compared against GCM and other
observationally constrained estimates of TTDs. A GCM
study (Peacock and Maltrud 2006) found that TTDs in
FIG. 8. Latitude–depth sections of mean age: (top) the Atlantic
averaged between 608W and 108E, (middle) the Indian Ocean be-
tween 408 and 808E, and (bottom) the Pacific between the date line
and 1108W. The contour interval is 100 years in all panels.
FIG. 9. TTDs for the deep NPAC (volume averaged over the
NEPAC box) for the 28 horizontal resolution solution (solid lines)
and 48 horizontal resolution solution (dashed lines). The vertical
lines represent, from left to right, the 10% signal arrival time (485
and 535 yr for 48 and 28, respectively), the mean age (1363 and
1429 yr, respectively), and the 90% equilibrium time (2387 and
2452 yr, respectively; cf.Wunsch andHeimbach 2008). The behavior
at short lags (small t) is dominated by the uppermost waters in the
NEPAC box (2000-m depth), where the 28 case has fast vertical
transmission of waters by numerical diffusion but in quantities small
enough that the mean age is not significantly affected.
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the North Pacific at 2000-m depth were somewhat wider
at 650–700 yr. The TTD mean-to-width ratio (T/D) is
about 2.5 for TMI at both resolutions, whereas the
GCM estimate appears to be smaller at 2.0–2.3, in-
dicating that the GCM is more diffusive than the TMI
circulation (relative to advective processes; seeMouchet
and Deleersnijder 2008). Both the GCM and TMI TTDs
have a mean-to-width ratio generally consistent with a
North Pacific observational estimate (Holzer and Primeau
2010) that found a range of possible ratios from 1 to 6.
We note that Khatiwala et al. (2009) also empirically
constrained TTDs but using a maximum entropy meth-
odology to regularize an otherwise underdetermined
formulation of the problem, and in future work it
would be useful to compare the relative merits and con-
straints provided by TMI and other methodologies
(e.g., DeVries and Primeau 2011).
e. Uncertainties in the age estimate
There are several perspectives that we can offer on the
uncertainty in the mean age estimates presented here.
First, we note that the effect of including the mixing
history, as encapsulated in the form of the Gi(t) func-
tions, is to alter the standard radiocarbon age by no
more than 50 yr (e.g., Fig. 7). Thus, although the Gi(t)
functions may be uncertain, we expect their shape to
introduce errors in the mean age of no more than 50 yr.
We also note, however, that the age estimates presented
here, along with previous observational and modeling
studies, do not account for the influence of exotic waters
such as from groundwater seepage, hydrothermal vents,
or ice sheets. These exotic waters could have extremely
old ages, and, although their exclusion has the practical
utility of making our estimates easier to compare with
GCM results, it would nonetheless be of interest to in-
vestigate their influence in future work.
To explore the uncertainty due to the water-mass de-
composition, we compare the 28 and 48 reservoir-age
corrections as computed with the gridded GLODAP
data (Fig. 10, top). The differences are generally less
than 50 yr, especially in the regions of the oldest ocean
waters. The reservoir-age correction at middepth in the
Ross Sea, however, is 100 yr smaller in the 28 estimate.
As mentioned in previous work (Gebbie and Huybers
2011), the major difference between the two estimates
is the ratio of Weddell to Ross Sea contributions in
AABW. In the 28 estimate, a smaller amount of deep
water originates from the Ross Sea, giving a smaller
influx of young waters to depth and accounting for the
smaller reservoir-age correction. Although these local
errors can reach 100 yr, the uncertainties in the water-
mass decomposition have a smaller influence on basin
scale age estimates, such as for the deep North Pacific,
where the difference between the 28 and 48 reservoir-
age corrections is only 19 yr in the NEPAC box.
The largest uncertainties that we identify have to do
with surface source radiocarbon values. For example,
when the reservoir-age correction is recalculated with
the 28 TMI-adjusted radiocarbon distribution, the deep
Pacific reservoir-age correction is 100 yr smaller than
when the raw GLODAP gridded data are used (Fig. 10,
bottom). Overall, uncertainties in the surface radiocarbon
values lead to age uncertainties roughly twice as large as
those due to the water-mass decomposition. The differ-
ences in source radiocarbon are consistent with the re-
portedmeasurement errors, though also arise from errors
in the TMI estimates, possibly because of violations of the
steady-state assumption. Errors in removing the influence
of bomb radiocarbon could also be important (e.g., Rubin
and Key 2002).
6. Conclusions
Previous observational estimates of ocean age from
radiocarbon included a number of hidden uncertainties,
especially because of the use of a small number of con-
stituents to describe water sources. In this study, we use
a comprehensive pathways and mixing model with an
inverse method to estimate the age of the ocean and its
upper and lower bounds, while investigating the sensi-
tivity to the number of constituents from 2 to 11 113.
There are three major considerations in the determi-
nation of ocean age: the ambiguous decomposition of
waters into the constituents necessary for calculation
of the reservoir-age correction, the influence of multi-
ple transit times in interpretation of the radiocarbon
constraint, and observational errors in radiocarbon. To
address the first issue, we use the TMI-derived ocean
decomposition that is trained with a full suite of tracers,
including d18O, nutrients, temperature, and salinity.
Extending the analysis to include radiocarbon, we find
that the range of possible ages strongly depends on the
number of constituents, because radiocarbon obser-
vations have difficulty ruling out the presence of small
amounts of very old water. In addressing the second
issue, we quantify the bias in radiocarbon age without
reliance on numerical models or imposed mixing pa-
rameters by using the mixing history implicit in TMI.
Observational estimates that do not differentiate be-
tween the transit times of different water masses are
biased very near to the lower limit of all possible ages.
The third issue involves the uncertainties associated
with measurement errors, data sparsity, and the diffi-
culty in distinguishing bomb and natural radiocarbon,
which is partially addressed by adjusting the radiocarbon
dataset into consistency with a steady-state circulation
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field. Taking these factors into account, we find that ra-
diocarbon data constrain the deep North Pacific to be
more than 1100 yr old, with the full mixing history sug-
gesting ages of 1200–1500 yr over the region.
The lower limit of the mean age of the North Pacific
is higher than the best estimates of some previous
observational studies (Stuiver et al. 1983; Matsumoto
2007). Using up to 11 113 surface sources, the reservoir-
age correction is diagnosed to be 100 yr younger than
previously thought. It is the broadness of surface regions
contributing to the deep (Gebbie and Huybers 2011)
that influences the needed reservoir correction and age
estimates. Model estimates, on the other hand, are 100–
400 yr older than our current best estimate of the mean
age of the deep North Pacific (Primeau 2005; Peacock
and Maltrud 2006). We suspect that some models have
older ages because of increased mixing associated with
their coarse resolution, consistent with the finding that
the transit time distributions of a GCM have a smaller
mean-to-width ratio than the TMI estimate, although this
can likely explain no more than 50 yr of the additional
aging through the enhancement of the radiocarbon-age
bias. It will be of great interest to see estimates of age
from numerical models with higher resolution (e.g.,
Maltrud et al. 2010), as well as further analysis in-
cluding additional observational constraints.
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APPENDIX
Lower Bound on Mean Age
a. Lagrange multiplier method for
advective–diffusive transport
Finding the minimum value of the mean age subject
to a radiocarbon observation is equivalent to finding
the stationary point of a Lagrangian function L, where
generalized Lagrange multipliers m, p, and r are ap-
pended for equality and inequality constraints (Fiacco
and McCormick 1968). The Lagrangian is
L 5
N
i51
mi
ð‘
t50
tGi(t)dt 2 m

C 2
N
i51
miCi
ð‘
0
Gi(t)e
2lt dt

1 
N
i51
pi(t)Gi(t) 1 
N
i51
ri
ð‘
t50
Gi(t)dt 2 1

, (A1)
FIG. 10. Reservoir-age correction at 2500-m depth for four different solutions: the GLODAP data at (top left) 28
and (top right) 48 resolutions and for the TMI-adjusted steady-state radiocarbon fields at (bottom left) 28 and (bottom
right) 48 resolutions. The contour interval is 50 yr.
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where the first term is the mean age, the m term enforces
the data constraint, thepi(t) terms enforceGi(t)$ 0, and
the ri terms enforce
Ð ‘
0 Gi(t) dt5 1. The solution, Gi(t)5
d(t2 Ti), Ti5 (1/l) log(Ci/C), m5 1/(lC), pi(t)5mit1
mim exp(2lt)1 ri, and ri52mi[(1/l)1Ti], satisfies the
Karush–Kuhn–Tucker conditions (Fiacco andMcCormick
1968; Strang 1988) and therefore is a stationary point. By
substitution, this stationary point is a minimum. The
case where one or more Ci , C is discussed below.
b. Lagrange multiplier method for advective
transport
Here, we illustrate a simpler way to understand the
lower bound solution. As found above, all minimum-age
solutions are obtained when theGi(t) functions are delta
functions, and thus the expression for the mean age and
the radiocarbon constraint can be simplified. Now, the
Lagrangian function is
L 5 
N
i51
miTi 2 m
 
C 2 
N
i51
miCie
2lT
i
!
. (A2)
The stationary point satisfies ›L/›m5 0 and ›L/›Ti5 0
for i 5 1/ N; thus,
›L
›Ti
5 mi 2 m(miCile
2lT
i) 5 0, (A3)
which is solved for all of the transit times, Ti 5 (1/l)
log(mlCi). Note that there is one equation for each Ti,
for a total of N equations. The only unknown term is
the scalar Lagrange multiplier m. One way to solve for
m is to multiply both sides of (A3) by mi, then sum the N
equations, and substitute in the radiocarbon constraint,
leading to m 5 1/(lC). Now we can back substitute to
solve for Ti. All Ti have the same form: namely,
Ti 5
1
l
log
Ci
C
 
. (A4)
By substitution into the definition of the mean age, the
stationary point is a minimum,
Tmin 5 
N
i51
mi
l
log
Ci
C
 
. (A5)
This stationary point only holds if it is in the feasible
range: that is, Ti $ 0, which implies a bound on the ra-
diocarbon concentrations, Ci $ C. The next section
shows how the problem can be solved in the case that the
radiocarbon bounds do not hold.
c. Recursive method to handle nonnegative
constraints
If the method outlined above produces a solution
with negative age components, those Ti values are set
to zero by the Karush–Kuhn–Tucker conditions (e.g.,
Wunsch 1996). Resolving for the partial derivatives of
the objective function with the added constraints, we
find that
Ti 5
1
l
log

N
j5Q11
mjCi
C 2 
Q
k51
mkCk
0
BBBBB@
1
CCCCCA, for i 5 Q 1 1/N,
(A6)
and Ti5 0 for i5 1/Q, with ordering such that Ci,C
for all i # Q. In the case that there are Ti terms that
are less than zero, this process is repeated iteratively
until the solution is in the feasible range. By compari-
son with the results of nonlinear programming algo-
rithms, we find the same result but with a substantial
reduction of computational cost.
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